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Abstract
In this note we introduce a determinant and then give its evaluating formula.
The determinant turns out to be a generalization of the well-known ballot and Fuss-
Catalan numbers, which is believed to be new. The evaluating formula is proved
by showing that the determinant coincides with the number of lattice paths with
(1, 0), (0, 1)-steps in the plane that stay below a boundary line of rational slope.
Keywords: determinant representation, lattice path, ballot number, Fuss-Catalan
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1 Introduction
For any given integers m,n, u and k satisfying u ≥ 0, k ≥ 2, n ≥ 2, and m ≥ max{u+
1, (k − 1)(n− 1)}, let D(m,n, u, k) be a determinant as follows:
D(m,n, u, k) := det(tij)i,j=1,2,...,n−1, (1.1)
where
tij =
(
m−max{u, (k − 1)j}
1− i+ j
)
.
As we shall soon see, the determinant D(m,n, u, k) is a generalization of the renowned
ballot and Fuss-Catalan numbers by the following proposition.
1
Proposition 1.1. For any given integers m,n, u and k satisfying u ≥ 0, k ≥ 2, n ≥ 2
and m ≥ max{u+ 1, (k − 1)(n− 1)} we have
D(m,n, u, k) =
⌊u
k
⌋∑
i=0
(−1)i
m− (k − 1)(n− 1)
m+ n− 1− ki
(
m+ n− 1− ki
n− 1− i
)(
u− (k − 1)i
i
)
, (1.2)
where ⌊x⌋ is the largest integer not greater than x.
The formula (1.2), the main result of this paper, is obtained by showing that the
determinant D(m,n, u, k) satisfies the same recurrence and initial conditions as |L(u +
1, 1;m,n; k)|, the cardinality of L(u + 1, 1;m,n; k), where L(u + 1, 1;m,n; k) is the set
of lattice paths from (u + 1, 1) to (m,n) with (1, 0), (0, 1)-steps in the plane that stay
below the line y = x−1
k−1
+1. It should be mentioned that m and n are indeed the variants
concerning the recurrence and initial conditions, yet u and k are just parameters.
When u = 0, by (1.2) the determinant D(m + 1, n + 1, 0, k + 1) = m+1−kn
m+1
(
m+n
n
)
is
just the solution of the generalized ballot problem which had been studied by Barbier
[3] (cf. [10]). Also, D(m+ 1, n+ 1, 0, 2) = m−n+1
m+1
(
m+n
n
)
, called the ballot number, is the
solution of the original ballot problem first introduced by Bertrand [4].
Furthermore, by (1.2) there follows D((k− 1)n+1, n+1, 0, k) = 1
(k−1)n+1
(
kn
n
)
, which
is known as the Fuss-Catalan number [8] (cf. [2] or [11, Eq. (7.67)]). It also enumerates
(k − 1)-Dyck paths and k-ary trees. Specifically, when k = 2 the Fuss-Catalan number
reduces to D(n+1, n+1, 0, 2) = 1
n+1
(
2n
n
)
, which is the well known Catalan number [15],
and when k = 3 it becomes D(2n+1, n+1, 0, 3) = 1
2n+1
(
3n
n
)
, which counts 2-Dyck paths
and ternary trees [1].
The ballot number, as well as the Fuss-Catalan number, generalizes the Catalan
number. These fascinating numbers have many interesting interpretations in algebra,
combinatorics, and probability. One of the most famous examples is, the classical Chung-
Feller Theorem [6] offers a graceful perspective for counting the Catalan number. More
combinatorial and algebraic interpretations of Catalan number were shown by Stanley
[15, 16]. Various applications of Catalan number were collected by Koshy [12]. For recent
inspiring works involving generalizations of the Catalan number and the ballot number,
with many references, see Krattenthaler [13], Sagan and Savage [14], Gorsky and Mazin
[9], He [7], and Bousquet-Me´lou, Chapuy, and Pre´ville-Ratelle [5].
Although numerous generalized ballot and Catalan numbers had been given, the
determinant representation (1.1), to the best of our knowledge, is new. The parameter u
and k indeed make sense while calculating certain ruin probability in the framework of
classical compound binomial risk model, where the initial capital of an insurer is denoted
by u and each claim amount is assumed to be k. This shall be discussed in a following
paper [18]. In particular, when k = 2, it reduces to the classical gambler’s ruin problem.
In this note, we first show a formula for |L(u+1, 1;m,n; k)| in Section 2. In Section 3
we give the recurrences and initial conditions for |L(u+ 1, 1;m,n; k)| and D(m,n, u, k).
Then we complete the proof of Proposition 1.1 by showing that D(m,n, u, k) and |L(u+
1, 1;m,n; k)| coincide.
2
2 Enumeration formula for |L(u + 1, 1;m,n; k)|
In this section we shall prove the formula for |L(u+ 1, 1;m,n; k)|.
Lemma 2.1. For any given integers m,n, u and k satisfying u ≥ 0, k ≥ 2, n ≥ 2, and
m ≥ max{u+ 1, (k − 1)(n− 1)}, we have
|L(u+ 1, 1;m,n; k)| =
⌊u
k
⌋∑
i=0
(−1)i
m− (k − 1)(n − 1)
m+ n− 1− ki
(
m+ n− 1− ki
n− 1− i
)(
u− (k − 1)i
i
)
. (2.1)
Proof. Given integers u ≥ 0, k ≥ 2, and n ≥ 2, without loss of generality define
|L(u+ 1, 1; (k − 1)(n− 1), n; k)| = 0 since the point ((k − 1)(n− 1), n) stays above the
boundary line y = x−1
k−1
+ 1. Clearly (2.1) works when m = (k − 1)(n− 1).
It remains to show that (2.1) holds when m ≥ max{u, (k − 1)(n− 1)} + 1. Here we
need a known result on lattice paths enumeration. In [17, Theorem 2.1], the number of
lattice paths from (a, b) to (m,n) that stay above the line y = kx was shown to be
⌊ b−ka
k+1
⌋∑
i=0
(−1)i
n + 1− km
n+ 1− k(a+ i)
(
m+ n− (k + 1)(a+ i)
m− a− i
)(
b− k(a + i)
i
)
, (2.2)
where a, b,m, n and k are integers satisfying k ≥ 1, 0 ≤ a ≤ m, ka ≤ b ≤ n and n ≥ km,
by mathematical induction based on a forward recursion.
To obtain (2.1) from (2.2), first reflect each path counted by (2.2) along the diagonal
y = x in the plane. The resulting path obviously belongs to the set of lattice paths from
(b, a) to (n,m) that stay below the line y = x/k which is denoted by N1/k(b, a;n,m).
Make the substitutions a→ b, b→ a,m→ n, and n→ m in (2.2). Then we have
|N1/k(a, b;m,n)|=
⌊a−kb
k+1
⌋∑
i=0
(−1)i
m+ 1− kn
m+ 1− k(b+ i)
(
m+ n− (k + 1)(b+ i)
n− b− i
)(
a− k(b+ i)
i
)
,
(2.3)
for integers a, b,m, n and k satisfying k ≥ 1, 0 ≤ b ≤ n, kb ≤ a ≤ m, n ≥ 1 and m ≥ kn.
Next for any lattice path ξ ∈ L(u + 1, 1;m,n; k), shift the x-axis upward for one
unit and the y-axis rightward for one unit. The resulting path clearly belongs to the set
N1/(k−1)(u, 0;m− 1, n− 1). This map is obviously reversible and unique. Thus
|L(u+ 1, 1;m,n; k)| = |N1/(k−1)(u, 0;m− 1, n− 1)|.
After making the substitutions k → k − 1, a→ u, b→ 0, m→ m− 1, and n→ n− 1 in
(2.3), we obtain (2.1) for m ≥ max{u, (k − 1)(n− 1)}+ 1. This completes the proof. 
3 Proof of Proposition 1.1
The aim of this section is to complete the proof of Proposition 1.1. This is achieved by
showing that both D(m,n, u, k) and |L(u+ 1, 1;m,n; k)| have the same recurrence and
initial conditions. First we have the following result for |L(u+ 1, 1;m,n; k)|.
3
Lemma 3.1. Given integers u ≥ 0 and k ≥ 2, the numbers |L(u+ 1, 1;m,n; k)| satisfy
the recurrence
|L(u+ 1, 1;m,n; k)| = |L(u+ 1, 1;m− 1, n; k)|+ |L(u+ 1, 1;m,n− 1; k)|,
n ≥ 3, m ≥ max{u+ 2, (k − 1)(n− 1) + 1},
(3.1)
with the initial conditions
|L(u+ 1, 1;m, 2; k)| = m−max{u, k − 1}, m ≥ max{u+ 2, (k − 1)(n− 1) + 1}, (3.2)
|L(u+ 1, 1; u+ 1, n; k)| = 1, 2 ≤ n ≤ ⌊ u
k−1
⌋+ 1, u ≥ k − 1, (3.3)
|L(u+ 1, 1; (k − 1)(n− 1), n; k)| = 0, n ≥ max{2, ⌈ u
k−1
⌉+ 1}, (3.4)
where ⌈x⌉ is the least integer not less than x.
Proof. The recurrence (3.1) is obviously true from the definition of |L(u+ 1, 1;m,n; k)|.
Note that the initial conditions are distributed on the lines y = 2, x = u + 1 (if
u ≥ k − 1) and y = x
k−1
+ 1, corresponding to (3.2), (3.3), and (3.4), respectively, in the
plane.
When n = 2, if 0 ≤ u < k − 1, for each lattice path ξ ∈ L(u + 1, 1;m, 2; k) with
m > u+ 1, the first k − 1− u steps must be horizontal because of the restriction that ξ
must stay below the line y = x−1
k−1
+1. For example see the blue portion AB in Figure 3.1.
So |L(u+ 1, 1;m, 2; k)| = |L(k, 1;m, 2; k)| =
(
m−k+2−1
2−1
)
= m− (k − 1). If u ≥ k − 1 ≥ 1,
by the definition of L(u + 1, 1;m,n; k) it is easy to see that |L(u + 1, 1;m, 2; k)| =(
m−(u+1)+2−1
2−1
)
= m− u. Hence (3.2) follows.
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Figure 3.1 A lattice path ξ ∈ L(2, 1; 11, 5; 3) where 1 = u < k − 1 = 2. In this case the
boundary line is y = x2 +
1
2 . The blue portion AB is the first k − 1 − u step, which has to be
horizontal. The number above each point (m,n) is equal to |L(2, 1;m,n; 3)|.
The initial conditions (3.3) and (3.4) are easy to obtain by the definition of L(u +
1, 1;m,n; k). The restrictions 2 ≤ n ≤ ⌊ u
k−1
⌋ + 1 and u ≥ k − 1 in (3.3) are required to
make sure that each lattice path stays below the boundary line y = x−1
k−1
+ 1. Note that
when u < k− 1, the initial conditions consist of only (3.2) and (3.4). See for example in
Figure 3.1.
Now we have shown that (3.1)–(3.4) hold. This completes the proof. 
Next we shall prove the recurrence and initial conditions for D(m,n, u, k).
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Lemma 3.2. Given integers u ≥ 0 and k ≥ 2, the determinant D(m,n, u, k) satisfies
the recurrence
D(m,n, u, k) = D(m− 1, n, u, k) +D(m,n− 1, u, k),
n ≥ 3, m ≥ max{u+ 2, (k − 1)(n− 1) + 1},
(3.5)
with the initial conditions
D(m, 2, u, k) = m−max{u, k − 1}, m ≥ max{u+ 2, (k − 1)(n− 1) + 1}, (3.6)
D(u+ 1, n, u, k) = 1, 2 ≤ n ≤ ⌊ u
k−1
⌋ + 1, u ≥ k − 1, (3.7)
D((k − 1)(n− 1), n, u, k) = 0, n ≥ max{2, ⌈ u
k−1
⌉+ 1}. (3.8)
Proof. To prove (3.5), we first need to perform an elementary row operation on the
matrix (tij)i,j=1,2,...,n−1 defined in (1.1). That is, replace the i-th row by adding the
(i + 1)-th row to it in increasing order of i. Let (t∗ij)i,j=1,2,...,n−1 denote the resulting
matrix. Clearly D(m,n, u, k) = det(t∗ij)i,j=1,2,...,n−1, where
t∗ij =
{ (m+1−max{u,(k−1)j}
1−i+j
)
, i = 1, 2, . . . , n− 2, j = 1, 2, . . . , n− 1,(
m−max{u,(k−1)j}
1−i+j
)
, i = n− 1, j = 1, 2, . . . , n− 1.
The first n − 2 rows of the matrix (t∗ij)i,j=1,2,...,n−1 are obtained easily by apply-
ing the well known identity
(
n
k
)
+
(
n
k−1
)
=
(
n+1
k
)
for integer k [11, Eq. (5.8)], and
it is clear that both (tij)i,j=1,2,...,n−1 and (t
∗
ij)i,j=1,2,...,n−1 have the same bottom row,
(0, . . . , 0, 1, m−max{u, (k − 1)(n− 1)}), whose zero entries are obtained by the defini-
tion
(
n
k
)
= 0 when n ≥ 0 and k < 0.
Now let t∗j denote the j-th column of the matrix (t
∗
ij)i,j=1,2,...,n−1, and let
T denote
transpose. Note that t∗n−1 = α+ β, where α = (t
∗
1,n−1, . . . , t
∗
n−2,n−1, m+ 1−max{u, (k−
1)(n − 1)})T and β = (0, . . . , 0︸ ︷︷ ︸
(n−2)′s
,−1)T. Thus by basic properties of determinant and the
definition of D(m,n, u, k), we have
D(m,n, u, k) = det
(
t∗1, . . . , t
∗
n−2, α+ β
)
= det
(
t∗1, . . . , t
∗
n−2, α
)
+ det
(
t∗1, . . . , t
∗
n−2, β
)
= D(m+ 1, n, u, k)−D(m+ 1, n− 1, u, k), (3.9)
for n ≥ 3 and m ≥ max{u+ 1, (k − 1)(n− 1)}. Letting m→ m− 1 in (3.9) gives (3.5).
Next we shall prove the initial conditions of D(m,n, u, k). Given integers u ≥ 0 and
k ≥ 2, first by the definition of D(m,n, u, k) we have D(m, 2, u, k) =
∣∣∣(m−max{u,k−1}1 )∣∣∣ =
m−max{u, k − 1} when m ≥ max{u+ 2, (k − 1)(n− 1) + 1}, which leads to (3.6).
When m = u + 1, 2 ≤ n ≤ ⌊ u
k−1
⌋ + 1, and u ≥ k − 1, it follows that tij =(
u+1−max{u,(k−1)j}
1−i+j
)
=
(
1
1−i+j
)
since u ≥ (k− 1)(n− 1) ≥ (k− 1)j for 1 ≤ j ≤ n− 1. Then
we have
tij =


0, 1 ≤ i < j ≤ n− 1,
1, i = j,
1, i = j + 1,
0, i > j + 1.
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Clearly (tij)i,j=1,2,...,n−1 is a lower triangular matrix with 1’s on the main diagonal when
m = u+ 1, 2 ≤ n ≤ ⌊ u
k−1
⌋+ 1, and u ≥ k − 1, therefore (3.7) follows.
Note that if u < k−1, by the restriction m ≥ max{u+1, (k−1)(n−1)}, the variant
m should start at (k − 1)(n− 1) for k, n ≥ 2.
Finally when u > 0 and n ≥ ⌈ u
k−1
⌉ + 1, it is clear that (k − 1)(n − 1) ≥ u.
Let us consider the matrix corresponding to D((k − 1)(n − 1), n, u, k). By the defi-
nition of D(m,n, u, k) the entry ti,n−1 =
(
(k−1)(n−1)−max(u,(k−1)(n−1))
1−i+n−1
)
=
(
0
n−i
)
= 0 for
i = 1, 2, . . . , n − 1, which means that D((k − 1)(n − 1), n, u, k) = 0. When u = 0 and
n ≥ 2, a similar discussion also leads to the same outcome. Then we have (3.8) as
desired.
This completes the proof. 
We are now in a position to complete the proof of Proposition 1.1.
Proof of Proposition 1.1. Let m,n, u and k be integers where u ≥ 0, k ≥ 2, n ≥ 2 and
m ≥ max{u + 1, (k − 1)(n − 1)}. First by Lemma 3.1 and Lemma 3.2, it is clear that
D(m,n, u, k) satisfies the same recurrence and initial conditions as |L(u+ 1, 1;m,n; k)|,
so they agree. That is, D(m,n, u, k) = |L(u+ 1, 1;m,n; k)|. Together with Lemma 2.1,
there follows (1.2). This completes the proof. 
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